, we give a rigorous analysis of the asymptotic behavior of the critical temperature as λ → 0. We derive necessary and sufficient conditions on V (x) for the existence of a nontrivial solution for all values of λ > 0.
Introduction
The BCS model has played a prominent role in condensed matter physics in the 50 years since its introduction [2] . Originally introduced as a model for electrons displaying superconductivity, it has recently also been used to describe dilute cold gases of fermionic atoms in the case of weak interactions among the atoms [10, 12, 14, 1, 13, 4, 3] . We will not be concerned here with a mathematical justification of the approximations leading to the BCS model, but rather with an investigation of its precise predictions.
We consider the BCS equation for a Fermi gas at chemical potential µ ∈ R and temperature T > 0, with local two-body interaction 2λV (x). Here, λ > 0 denotes a coupling constant, and the factor 2 is introduced for convenience. Because of the many different applications of the BCS equation, it is important to keep the discussion as general as possible. Our only assumption on the interaction potential V will be that it is real-valued and V ∈ L 1 (R 3 ) ∩ L 3/2 (R 3 ).
It was shown in [8] that the existence of a nontrivial solution to the BCS gap equation
with E(p) = (p 2 − µ) 2 + | (p)| 2 at some temperature T > 0 is equivalent to the fact that a certain linear operator has a negative eigenvalue. Here,V (p) = (2π) −3/2 V (x)e −ipx dx denotes the Fourier transform of V (x). In particular, it was shown that this property holds for T less than a certain critical temperature, which we denote by T c , whereas there are no nontrivial solutions to Equation (1.1) for T ≥ T c . According to the usual interpretation of solutions to the BCS gap equation, the system displays superfluid behavior for all temperatures T < T c , while it is in a normal phase for T ≥ T c . The analysis in [8] shows that T c is nonzero for purely attractive (i.e., nonpositive) V , and exponentially small in λ.
The fact that the critical temperature in the nonlinear BCS equation can be expressed in terms of spectral properties of a linear operator allows for a more thorough investigation of its properties. This is the purpose of this article. In particular, we shall be concerned here with the asymptotic behavior of T c at weak coupling, i.e., for small λ. We shall derive necessary and sufficient conditions on V for the positivity of T c for all λ > 0, as well as its precise asymptotics as λ → 0. The precise statement of our results is given in Theorem 2.2 below.
The linear operator one is led to analyze is of the form K T ,µ +λV where K T ,µ is a multiplication operator in momentum space that represents an 'effective' kinetic energy. By a modification of the Birman-Schwinger principle we need to study the diverging part of the compact operator
as T → 0. Note that, if V is not of definite sign, then the latter operator is not self-adjoint and standard perturbation arguments based on the variational principle will fail. Still, we are able to give a variational characterization for the leading behavior of the critical temperature in the weak coupling limit.
Our analysis is somewhat similar in spirit to that of the lowest eigenvalue of the Schrödinger operator p 2 + λV in two space dimensions; see [15] . This latter case is considerably simpler, however, since p 2 has a unique minimum at p = 0, whereas K T ,µ (p) takes its minimal value on the Fermi sphere p 2 = µ. Technically, this is reflected in the fact that the singular part of the BirmanSchwinger operator (sgn V )|V | 1/2 (p 2 + T ) −1 |V | 1/2 is of rank one in contrast to that of (1.2), which is of infinite rank. In particular, the difficulties stemming from the nonselfadjointness are not present in the case of p 2 + λV .
We would like to emphasize that our approach is not restricted to the kinetic energy K T ,µ appearing in the BCS model, but can be adopted to any symbol vanishing on a manifold of codimension one or higher. Operators of this form arise naturally in various fields of Mathematical Physics, e.g., in the quantum-mechanical description of particles in a homogeneous magnetic field or in the analysis of trapped modes in elasticity theory [5, 6, 9, 16] .
Main results and discussion
According to the analysis in [8] , the critical temperature in the BCS model is, in appropriate units, given by the following expression. Definition 2.1. For µ ∈ R and T > 0, let K T ,µ be the multiplication operator in momentum space
The critical temperature in the BCS model is given by
More precisely, it was shown in [8] that Equation (1.1) has a nontrivial solution for T < T c (λV ), whereas for T ≥ T c (λV ) it doesn't. Note that K T ,µ ≥ 2T , and that the essential spectrum
We assume that µ > 0 henceforth. For weak potentials V , the critical temperature is determined by the behavior of the potential on the Fermi sphere µ , the sphere in momentum space with radius √ µ. We denote the Lebesgue measure on µ by dω.
by assumption,V is a bounded continuous function, and hence V µ is a Hilbert-Schmidt operator. It is, in fact, trace class, as will be shown below, and its trace equals
Moreover, by considering a trial function that is supported on two small sets on the Fermi sphere separated a distance |p|, it is easy to see
Our main result concerning the critical temperature (2.1) is as follows.
is nonzero for all λ > 0, and Although we restrict our attention to local potentials V here, we remark that a similar analysis can be applied in the case of nonlocal potentials as well.
Radial potentials
In the special case of radial potentials V , depending only on |x|, the spectrum of V µ can be determined more explicitly. Since V µ commutes with rotations in this case, all its eigenfunctions are given by spherical harmonics. For a nonnegative integer, the eigenvalues of V µ are then given by 
in the case of radial potentials V . We remark that ∈N (2 +1)|j (r)| 2 = 1, hence the expression for the trace of V µ stated above is recovered.
IfV is nonpositive, it is easy to see that the infimum is attained at = 0. This follows since the lowest eigenfunction can be chosen nonnegative in this case, and is thus not orthogonal to the constant function. Since j 0 (r) = sin(r)/r, this means that
for radial potentials V with nonpositive Fourier transform.
In the limit of small µ we can use the asymptotics j (r) ≈ r /(2 + 1)!! to observe that, in
dx is the first Born approximation to the scattering length of 2λV , which we denote by a 0 . Thus, replacing λa µ (V ) by 2 √ µa 0 /π and writing µ = k 2 f , we arrive at the expression T c ∼ e π/(2k f a 0 ) for the critical temperature, which is well established in the physics literature [7, 12, 3] .
In the remainder of this article, we shall give the proof of Theorem 2.2.
Proof of Theorem 2.2
Note that in case T c > 0, the essential spectrum of K T c ,µ + λV starts at 2T c > 0, and hence T c is the largest T such that 0 is an eigenvalue of K T ,µ + λV in this case. Therefore, there exists an eigenstate |ψ ∈ L 2 (R 3 ) such that K T c ,µ |ψ = −λV |ψ . For a (not necessarily sign-definite) potential V (x) let us use the notation
The Birman-Schwinger principle then implies that |ϕ = V 1/2 |ψ satisfies B T c |ϕ = −|ϕ , where Proof. The Hilbert-Schmidt property follows from the Hardy-Littlewood-Sobolev inequality [11, Thm. 4.3] , using that V ∈ L 3/2 (R 3 ) and that K T ,µ ≥ const(1 + p 2 ). Moreover, B T is the product of a self-adjoint operator (multiplication by sgn(V (x))) and a nonnegative operator, hence it has real spectrum.
We have already shown above that −1 is an eigenvalue of B T c in case T c > 0. Moreover, because of strict monotonicity of K T ,µ in T , −1 is not an eigenvalue of B T for all T > T c . This implies that B T c has no eigenvalue less than −1, for otherwise there would be a T > T c for which B T has eigenvalue −1 since the eigenvalues of B T depend continuously on T and approach 0 as T → ∞.
In the same way, one argues that B T does not have an eigenvalue less than or equal to −1 if T c = 0.
Let J be the unitary operator that multiplies by sgn (V (x)) . To be precise, we define sgn(V (x)) = 1 in case V (x) = 0. Moreover, let X denote the self-adjoint operator on L 2 (R 3 ) with integral kernel
We note that the X is a nonnegative trace-class operator, with trace tr
Hence, J X is also trace-class, and tr
We have the following.
) is Hilbert-Schmidt, and its Hilbert-Schmidt norm is bounded uniformly in
The proof of this lemma will be given in the next section. Lemma 3.2 shows that the singular part of the operator B T as T → 0 is given by J X. This observation will enable us to recover the exact asymptotics of T c (λV ) as λ → 0.
The operator J X is closely related to V µ defined in (2.2). In fact, the two operators are isospectral.
Lemma 3.3. The spectrum of
to the Fourier transform of |V | 1/2 ψ, restricted to the sphere µ . Note that |V | 1/2 ψ ∈ L 1 (R 3 ) and hence it has a bounded and continuous Fourier transform. Moreover, let B :
Using the fact that µ e ipx dω(p) = 4π √ µ|x| −1 sin √ µ|x| it is easy to see that J X = BA, while AB = V µ . Hence, they have the same spectrum, except possibly at zero. Indeed, if AB|f = λ|f with λ = 0, then |g = B|f = 0 and BA|g = λ|g . Since both operators are Hilbert-Schmidt operators on infinite-dimensional spaces, 0 is an element of both spectra.
We now study the behavior of the spectrum of J X under small perturbations. We will show that for α > 0 the spectrum of αJ X + λY T (3.3) differs from the spectrum of αJ X by at most ( √ αλ) + (λ), uniformly in T . Here and in the following, we use the notation (t) to indicate an expression that is bounded as ct ≤ (t) ≤ Ct for constants 0 < c < C.
Pick a z that stays away a distance d from the spectrum of αJ X. By expanding in a Neumann series, we see that αJ X + λY T − z has a bounded inverse provided
We have
Since X 1/2 J X 1/2 is a self-adjoint operator having the same spectrum as J X, we can bound 1/(αX 1/2 J X 1/2 − z) ≤ 1/d for any z a distance d away from the spectrum of αJ X. We conclude that (αJ X − z) − 
Since the spectrum of αJ X + λY T depends continuously on λ, we have thus proved the claim. In particular, it follows that the lowest eigenvalue of (3.3) equals the lowest eigenvalue of αJ X plus terms that are at most of order (
We now have the necessary prerequisites to give the proof of Theorem 2.2.
Proof of Part (i).
According to Lemma 3.3, we have a µ (V ) = inf spec J X. Assume now that inf spec J X < 0. Since Y T is bounded uniformly in T , we see that the spectrum of 
Proof of Part (iii).
Again let α = λ ln(1 + µ/2T ), and recall that B T = αJ X + λY T . Since the operator 1 + λY T is invertible for small enough λ, we are able to rewrite
Hence, 1 + B T does not have a zero eigenvalue for any α ≥ 0 if the spectrum of (1 + λY T ) −1 J X is nonnegative. Note that J Y T is self-adjoint, since J B T is self-adjoint and J 2 = 1. Hence, (1 + λY T ) −1 J X has the same spectrum as the self-adjoint operator
This operator is nonnegative for small λ if X 1/2 J X 1/2 ≥ X for some > 0, since then Note that the range of X is dense in the range of X 1/2 , and hence it is enough to check the inequality J ≥ on the range of X. Let |ψ be in the range of X, i.e., |ψ = X|φ for some Since | sin a − sin b| ≤ |a − b| one easily sees that M
T (x, y) ≤ 1 2π 2
T |V | 1/2 2 is uniformly bounded. This completes the proof.
